In this note, we prove that a finite group G is p-supersolvable if and only if there exists a power d of p with p 2 ≤ d < |P | such that H
Introduction
All groups considered in this note are finite. We use conventional notions and notation, as in [9] .
It is quite interesting to investigate the structure of a group by using some kind of the embedding properties of subgroups and many interesting results have been given (for example, see [1, 6, 8, 13] ). Recently, Guo and Isaacs [6] proved the following theorem by using the embedding condition "H ∩ O p (G) ¢ O p (G)".
More recently, Yu in his paper [13] use the subgroup G * p of a group G, and consider the embedding condition O p (G * p ) ∩ H ¢ O p (G) to prove the following result, where G * p is the unique smallest normal subgroup of a group G for which the corresponding factor group is abelian of exponent dividing p − 1. [13] show that it is better to use the embedding condition O p (G * p ) ∩ H ¢ O p (G) to investigate the p-supersolvability of groups. On the other hand, in all of the above results all normal subgroups of order d in P are considered. So we wonder whether we may reduce the number of normal subgroups of order d in P ?
In fact, we have the following results. 
We also notice that the hypothesis "G is an odd order group" in Theorem 1.5 can not be removed. In fact, let D be a non-abelian simple group such that Sylow p-subgroups (2, p) and there exists a cyclic subgroup T of order p 2 −1 in Aut(Ω 1 (P )). Note that p+1 is not a power of 2, then we can choose an automorphism α ∈ T with order q such that q|p + 1 and q = 2. Now, considering the surjective homomorphism φ : Aut(P ) → Aut(Ω 1 (P )); we can choose an automorphism α of P such that φ(α) = α. Write the semidirect product 
Preliminary results
In this section we list some basic and known results which will be used in our proofs.
It is clear that meta-cyclic p-groups and p-groups of maximal class are both CS(p, 2)-groups. Proof. Let H 1 be a non-meta-cyclic normal subgroup of order d of P with
Lemma 2.7. Let p be a odd prime, and let P be a meta-cyclic
Thus H is non-meta-cyclic by Lemma 2.7 and H ≤ P 1 . Now assume that |N : N ∩ H 1 | = p 2 and take a subgroup M 1 of H 1 
By the faithful and irreducible action of the abelian group 
Proof of Theorem 1.4 Lemma 3.1. Let p be a prime, and let P ∈ Syl p (G), where G is a group. If P is a cyclic group, then either G is p-supersolvable or else
P ∩ O p (G * p ) = P .
Proof. Without loss of generality, we assume
p is a p-nilpotent, and thus G is p-supersolvable. So 1 < P ∩ O p (G * p ) < P , then it follows from [11, Theorem 2.1] that G is p-supersolvable.
Proof of Theorem 1.4. Note that G is p-supersolvable if and only if G *
p is p-nilpotent, and so we only need to prove the sufficient. Now assume that G is a counterexample of minimal order. Then G is not p-supersolvable. In particular, G * p is not p-nilpotent, and therefore N = P ∩ O p (G * p ) > 1. For convenience, we write H = {H ¢ P | H is a non-cyclic subgroup with |H| = d} and
We proceed in a number of steps to derive a contradiction.
Step 1. P is not cyclic, dihedral, semidihedral or generalized quaternion. If P is cyclic, then, by Lemma 3.1, G is p-supersolvable, a contradiction. Now assume that P is dihedral, semidihedral or generalized quaternion. If N is a cyclic subgroup, then it follows from Burnside's theorem [9, IV, 2.8] and p = 2 that O p (G * p ) is 2-nilpotent, and thus G * p is 2-nilpotent, a contradiction. Thus, by Lemma 2.5, we may assume that N is a non-cyclic maximal subgroup of P and |N | = d. In this case P = D 2 n (n ≥ 3), Q 2 n (n ≥ 4) or SD 2 n , and thus there exists a non-cyclic maximal subgroup N 1 of P such that N ≤ N 1 . For convenience, we write M 1 = N ∩ N 1 and have Step 
Then G satisfies the hypotheses, and therefore G is p-supersolvable. It is clear that the subgroups of G corresponding to the members of H are exactly the subgroups H for H ∈ H. Hence G is p-supersolvable. Futhermore, we see that G is p-supersolvable, which is a contradiction. So we conclude that D = 1.
Step 4. N is normal in G. In fact, G is p-solvable and P ¢ G. 
If N ≤ Φ(P ), then it follows from Tate's theorem [9, IV, 4.7] that O p (G * p ) is p-nilpotent, and therefore G * p is p-nilpotent, a contradiction. Thus there exists a maximal subgroup Y of P with N ≤ Y .
Next we prove that there exists
Step 6. Y is a cyclic, dihedral, semidihedral or generalized quaternion group. Let Y and L be as in Step 5. If there exists a subgroup S in Y such that S ∈ H, then, since
Step 5. So every normal subgroup of P that has order d and is contained in Y is cyclic. By Lemma 2.2, the Step 6 is true.
Step 
Proof of Theorem 1.5
Lemma 4.1. Let G be a group of odd order and P be a Sylow p-subgroup of G. If P is a meta-cyclic group or 3-group of maximal class, then l p (G) ≤ 1 and r p (G) ≤ 2.
